GENERALIZED INDUCTION OF KAZHDAN-LUSZTIG CELLS 
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. . - Abstract. Following Lusztig, we consider a Coxeter group W together with 

a weight function. Geek showed that the Kazhdan-Lusztig cells of W are com- 

' patible with parabolic subgroups. In this paper, we generalize this argument 

, to some subsets of W which may not be parabolic subgroups. We obtain two 

' applications: we show that under specific technical conditions on the parame- 

' ters, the cells of a certain parabolic subgroup of W are cells in the whole group, 

. and we decompose the affine Weyl group G2 into left and two-sided cells for a 

' whole class of weight functions. 

00 : 

(N . 

E"' ' 1. Introduction 

• • This paper is concerned with the partition of a Coxeter group W (more specif- 

I ically affine Weyl groups) into Kazhdan-Lusztig cells with respect to a weight 

^ ' function, following the general setting of Lusztig [?]. This is known to play an 

S . important role in the representation theory of the corresponding Hecke algebra, 

I Lie algebra and group of Lie type. 

■ In the case where W is an integral and bounded Coxeter group (see [?, Chap. 
^ i 1]) and L is constant on the generators of W (equal parameter case), there is an 

' interpretation of the Kazhdan-Lusztig polynomials in terms of intersection coho- 

. mology (see [?]) which leeds to many deep properties, for which no elementary 

^ I proofs are known. For instance, the coefficients of the Kazhdan-Lusztig polyno- 

CN ' mials are non-negative integers. In that case, the left cells have been explicitly 

^ , described for the affine Weyl groups of type Ar,r G N (see [?, ?]), ranks 2, 3 (see 

^ I [?, ?, ?]) and types -B4, C4 and 2)4 (see [?, ?, ?]). 

^ • Much less is known for unequal parameters. Lusztig has formulated a number 

• ^ , of precise conjectures in that case (see [?, §14, P1-P15]). The left cells have been 

^ I explicitly described for the affine Weyl groups of type Ai for any parameters ([?]) 

■ and B2 when the parameters are coming from a graph automorphism ([?]). Note 
that the proof in the case B2 involved the positivity property of the Kazhdan- 
Lusztig polynomials in the equal parameter case. 

One of the few things which are known in the general case of unequal parameters, 
is the compatibility of the left cells with parabolic subgroups; see [?]. In a precise 
sense, any left cell of a parabolic subgroup can be "induced" to obtain a union of 
left cells of the whole group W. The main observation of this paper is that the 
methods of [?] work in somewhat more general settings, so that we can "induce" 
from subsets of W which are not parabolic subgroups (see Section 3). This leads 
to our "Generalized Induction Theorem". 

We discuss two applications of this theorem. First we show the following result; 
see Section 4. 
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Theorem 1.1. Let {W, S) be an arbitrary Coxeter system together with a weight 
function L. Let W CW be a bounded standard parabolic subgroup with generating 
set S' and let N eN be a bound for W. If L{t) > N for all t e S - S' then the 
left cells (resp. two-sided cells) ofW', considered as a proper Coxeter group, are 
left cells (resp. two-sided cells) ofW. 

Then, we decompose the afhne Weyl groups G2 into left and two-sided cells for a 
whole class of weight functions. Namely, the ones which satisfy L{si) > 4L(s2) = 
4L(s3) where 

G2 := (Sl, S2, S3 I (S1S2)^ = 1, (S2S3)^ = 1, {siSsf = 1). 

We also determine the partial left (resp. two-sided) order on left (resp. two-sided) 
cells; see Section 6. 

2. Hecke algebra and geometric realization of an affine Weyl 

GROUP 

2.1. Hecke algebra and Kazhdan-Lusztig cells. In this section, {W,S) de- 
notes an arbitrary Coxeter system. The basic reference is [?]. Let L be a weight 
function. Recall that a weight function on is a function L : W ^ Z such 
that L{ww') = L{w) + L{w') whenever i{ww') = £{w) + E{w'). In this paper, we 
shall only consider the case where L{tu) > for all it? 7^ e (where e is the identity 
element of W). A weight function is completely determined by its values on S and 
must only satisfy L(s) = L(t) if s,t € S are conjugate. 

Let A = Z[f , v~^] and H be the Iwahori-Hecke algebra corresponding to {W, S) 
with parameters {L{s) \ s G S}. Thus H has an v4-basis {Tyj \ w G W}, called the 
standard basis, with multiplication given by 

j'j,^ \ Tsw, if su; > w, 

(here, "<" denotes the Bruhat order) where s G 5 and w & W . 
Let .A<o = v'^Zlv'^] and .4<o = For x,y eW we set 

TxTy — ^ ^ fx,y,zTz whcrC fx,y,z ^ A- 

zew 

We say that A'' G N is a bound for W if v^^ fx^y^z £ A<q for all x,y,z in W. If 
there exists such a N, we say that W is bounded. 

Let a H^- a be the involution of A which takes to f ^" for all n G Z. We can 
extend it to a ring involution from Ti to itself with 

dwTw = ^ '^wT^-i , where G A. 
wew wew 

For w & W there exists a unique element G H such that 

~ <ind Cy] — Tiij ~\~ ^ ^ Py^w^w 

yew 

y<w 

where Py^w G v4<o for y < w. In fact, the set {Cw,w G W} forms a basis of H, 
known as the Kazhdan-Lusztig basis. The elements Py^w are called the Kazhdan- 
Lusztig polynomials. We set Pw,w = 1 for any w G W. 
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Let w &W and s G S, we have the following multiplication formula 



Csw + E M^^Cz, ifw< SW, 

z;sz<z<w 

{vs + v~^)Cm, if SW < w, 



where M|^^ G A satisfies 



z\y<z<w.sz<z 

It is shown in [?, Proposition 6.4] that My^^ is a Z-linear combination of v'^ such 
that -L{s) + 1 < n < L{s) - 1. 

We have a similar formula for the multiplication on the right by C^, we obtain 
some polynomials M|'L which satisfy Ml% = M*_i 

The multiplication rule between the standard basis and the Kazhdan-Lusztig 
basis is as follows 



Csw-v-^^^'^Cw+ E ^IwCz, \lw<sw, 

z;sz<z<w 

v^^^'^Cw, if SW < w. 



Let y,w € W. We write y w if there exists s E S such that Cy appears 
with a non-zero coefficient in the expression of TgCyj (or equivalently CgCyj) in 
the Kazhdan-Lusztig basis. The Kazhdan-Lusztig left pre-order <l on W is the 
transitive closure of this relation. One can see that 

C ACy for any w G W . 

y<LW 

The equivalence relation associated to <l will be denoted by '^l and the corre- 
sponding equivalence classes are called the left cells of W . Similarly, we define 
~i? and right cells. We say that x <lr V if there exists a sequence 

X — xq J x\, Xfi — y 

such that for all 1 < i < n we have Xi or Xi-i <— ^ Xj. We write ~lr for 

the associated equivalence relation and the equivalence classes are called two-sided 
cells. One can see that 

nCy^n C ^ ACy for any weW. 

y<LRW 

The pre-order <l (resp. <lr) induces a partial order on the left (resp. two-sided) 
cells of W. 

For w & W we set C{w) = {s G S\sw < w} and TZ{w) = {s € S\w > ws}. It 
is shown in [?, §8] that if y <l w then TZ{w) C TZ^y). Similarly, if y <ii w then 
C{w) C C{y). We now introduce a definition. 

Definition 2.1. Let 05 be a subset of W. We say that ?8 is a left ideal of W if and 
only if the ^-submodule of Ti. generated by {Cw\w G 05} is a left ideal. Similarly 
one can define right and two-sided ideals of W. 
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Remark 2.2. Here are some straightforward consequences of this definition 

- Let S be a left ideal and let w G 53. We have 

In particular, if y <l w then y G *B and 03 is a union of left cells. 

- A union of left ideals of is a left ideal. 

- An intersection of left ideals is a left ideal. 

- A left ideal which is stable by taking the inverse is a two-sided ideal. In particular 
it is a union of two-sided cells. 

Example 2.3. Let J be a subset of S. We set 

Tl'^ ■={weW \ J C TZ{w)} and C'^ := {w e W \ J C C{w)}. 

Then the set TZ"^ is a left ideal of W. Indeed let w G TZ'^ and y ^ W he such that 
y <L w. Then we have J C TZ[w) C TZ{y) and y € TZ"^ . Similarly one can see that 
:= {w e W\J C C{w)} is a right ideal of W. 

2.2. A geometric realization. In this section, we present a geometric realization 
of an affine Weyl group. The basic references are [?, ?, ?]. 

Let V be an euclidean space of finite dimension r > 1. Let ^ be an irreducible 
root system of rank r and ^ C. V* he the dual root system. We denote the coroot 
corresponding to a G $ by d and we write {x, y) for the value of y G at a; G y. 
Fix a set of positive roots C Let Wq he the Weyl group of For a G 
and n G Z, we define a hyper plane 

Ha,n = {x eV \ {x,a) = n}. 

Let 

JP-={iJa,„ |aG$+,nGZ}. 

Any H E T defines an orthogonal reflection an with fixed point set H. We denote 
by O, the group generated by all these reflections, and we regard O, as acting on 
the right on V. An alcove is a connected component of the set 

V-[jH. 

$7 acts simply transitively on the set of alcoves X. 

Let S he the set of Jl-orbits in the set of faces (codimension 1 facets) of alcoves. 
Then S consists of r -|- 1 elements which can be represented as the r + 1 faces of 
an alcove. If a face / is contained in the orbit t € S, we say that / is of type t. 

Let s E S. We define an involution A ^ sA oi X as follows. Let A E X; then 
sA is the unique alcove distinct from A which shares with A a face of type s. The 
set of such maps generates a group of permutations of X which is a Coxeter group 
(W,S). In our case, it is the affine Weyl group usually denoted Wq. We regard 
W as acting on the left on X. It acts simply transitively and commutes with the 
action of Q. 

Let Aq he the fundamental alcove defined by 

Aq = {x E V \ < {x,a) < 1 for all a E $+}. 
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We illustrate this realization in Figure 1 in the case where W is an affine Weyl 
group of type G2 

W := (Si, S2, S3 I isiS2f = 1, {s2S3f = 1, = 1). 

The thick arrows represent the set of positive roots zAq and ijAq are the 
image of the fundamental alcove Aq under the action of y = S2S3S2S1S2S1S2 £ W 
and z = S3S2S1S2S1S2 € W. 
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Figure 1. Geometric realization of G2 



3. Generalized induction of left cells 

3.1. Main result. Let (VF, 5) be a Coxeter group together with a weight function 
L. Let be the associated Iwahori-Hecke algebra. In this section, we want to 
generalize the results of [?] on the induction of left cells. 

We consider a subset i7 C and a collection {Xy_ \ u G ?7} of subsets of W 
satisfying the following conditions 

11. for all u £ U, we have e G X„, 

12. for all u & U and x € X„ we have i{xu) = £{x) + £{u), 

13. for all u,v E. U such that u ^ v we have X^u fl X^v = 0, 

14. the submodule ^A := {T^Cul u € U, x € Xu)_^ C H is a left ideal, 

15. for all u E U, X E Xu and ui < u we have 

Pui,uTxTui is an >A<o-linear combination of T^. 

Let u E U and x G X„. We have 

TxCu = Txu + an .4- linear combination of with i{z) < i{xu). 

Since the set {Tuj\w G W} is a basis oiH, using 13, one can see that B = {TxCu\u G 
U,x E Xu} is a basis of Ai. 



6 



JEREMIE GUILHOT 



Let u ^ U and z G W. Using II, 14 and the fact that i3 is a basis of A^, we 
can write 

Cu for some a^^ 

u£U,x&Xu 

Let ^ be the relation on U defined as follows. Let u,v G U. We write v ^ u if 
there exist x £ W and z G such that T^C^ appears with a non-zero coefficient 
in the expression of T^C„ in the basis B. We still denote by ^ the pre-order 
induced by this relation (i.e the transitive closure). Since Cu £ M., we have 

Remark 3.1. If we choose U = W and = {e} for all w € W, the pre-order < 
is the left pre-order <l on W. 

We are now ready to state the main result of this section. 

Theorem 3.2. Let U be a subset ofW and {Xu\u € U} be a collection of subsets 
ofW satisfying conditions 11—15. Let hi U be such that 

V eU =^ V eU. 

Then, the set 

{xu\u € Z//, X € Xu} 

is a left ideal of W. 

The proof of this theorem will be given in the next section. We have the 
following corollary. 

Corollary 3.3. Let C be an equivalence class on U with respect to :<. Then the 
subset {xu\u G C, X € X^} ofW is a union of left cells. 

Proof. Let v ^ C, y & X^ and z & W he such that z ~l yv. Consider the set 
U = {u £ U\u :< v}. Then U satisfies the requirement of Theorem 13.21 thus 
*B := {xu\u ^U, X £ Xu} is a left ideal of W. Since z <l yv and yv G *B, there 
exist Uz £U and x G X^^ such that z = xuz and Uz <v. 

We also have yv <l xUz- Applying the same argument as above to the set {u G 
U\u :< Uz} yields that there exists Uy £ U and w G Xuy such that yv = wuy 
and Uy :< Uz- By condition 13, we see that Uy = v. Thus Uz £ C and the result 
follows. □ 

Remark 3.4. In [?], Geek proved the following theorem, where iW,S) is an arbi- 
trary Coxeter system. 

Theorem 3.5. Let W '^W be a parabolic subgroup ofW and let X' be the set of 
all w £W such that w has minimal length in the coset wW . Let C be a left cell 
of W . Then X'C is a union of left cells of W. 

Let U = W' and for all w £ W let = X' . We claim that this theorem 
is a special case of Theorem 13.21 and Corollary 13.31 Indeed, conditions 11-13 
and 15 are clearly satisfied. Condition 14 is a straightforward consequence of 
Deodhar's lemma; see [?, Lemma 2.2]. Hence, it is sufficient to show that the 
pre-order :< on U = W coincides with the Kazhdan-Lusztig left pre-order defined 
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with respect to W' (denoted <^) and the corresponding parabohc subalgebra 
H' := {T^ I w G W)y\^ C Ti. In other words, we need to show the following 

Let u,v € W such that u v. We may assume that there exists s € S' (where 
S' is the generating set of W) such that 

TsCy = o.w,vCu} where a^^„ G A and a„^^ ^ 0. 

Since C,„ € ;S for all it; G Ty, this is the expression of T^Cy in which shows 
that u <v. 

Conversely, let u,v £ W' such that u <v. We may assume that there exist z G W 
and X £ X' such that 

^z^v ^ ^ (^yw^zv^yCyj where CLyw^zv ^ and cLxu^zv 7~ ^* 

We can write uniquely z = ziZq where zq S W , zi G X' and l[z) = ^(^o) + ^(-^i)- 
Then, we have 

TzCv — T^-^ITzqC'v) — '^zii ^ ^ ^w,vCvj) ^ ^ ^w,v'^ziC'-w 

w£W',w<'j^v wd^W ,w<'j^v 

and this is the expression of T^Cy in the basis B. We assumed that T^Cu appears 
with a non-zero coefficient, thus u v as desired. 

3.2. Proof of Theorem 13. 2L We keep the setting of the last section and we 
introduce the following relation. Let u,v £ U, x £ X^ and y € Xy. We write 
xu IZ yv if xu < yv (Bruhat order) and u < v. We write xu C yv if xu IZ yv or 
X = y and u = v. 

The main reference is the proof of [?, Theorem 1]. 

Lemma 3.6. Let v £ U , y £ Xu- We have 

ueu, x€X„ 

■where Vyy^yy = 1 and rxu,yv = unless xu Q yv. 
Proof. Let v € U and y G X^,. We have 

z<y 

where Rz^y G ^ are the usual i?-polynomials as defined in [?, §4.3]. We obtain 

Ty-lCy = {Ty + Rz^yTz)Cy 

z<y 

— ^y^v ~\~ ^ ^ Rz,yTzCv 

z<y 

Now we also have 

TzCy = ^-linear combination of TxCu where u <v and x G Xu- 

We still have to show that if TxCu appears in this sum then xu < yv- 

This comes from the fact that TzCy, expressed in the standard basis, is an ^-linear 
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combination of term of the form T^jg.wi where wq < z and wi < v. In particular, 
since z < y we have wqWi < yv. Then, expressing the right hand side of the 
equahty in the standard basis, one can see that we must have xu < yv if T^Cu 
appears with a non-zero coefficient. 
Finally, by definition of C, we see that 



xudyv 

The result follows. □ 
Lemma 3.7. Let u,v & U , x G Xu and y £ X^. Then 

w£U,z£Xtj, 
xuC-zwC-yv 

Proof. Since the map /i i-^ /i is an involution and C^, = C„, we have 



— ^ ^ f zw,yvTzCyj 
wGU,zGXw 

— ^ ^ '^zw,yvT^—iCui 

w£U,ZGXiu 

— ^ ^ ^zw,yv(^ ^ ^ ^xu,zwTxCu) 
w£U,z£Xtj, u£U,x£Xu 

— ^ ^ ( ^ ^ 1"xu,zw^zw,yv)TxCu- 

ueu,xeXu w&,z£X^ 

Since is a basis of M, using Lemma [3^ and comparing the coefficients yield the 
desired result. □ 



Proposition 3.8. Let v £ U and y G Xy. We have 



Cyv = TyCy + P*xu,yv'^xCu where pl^ y^ G A<,q. 

u£U,x^Xu 
xu\Zyv 



Proof. By Lemma 13.71 there exists a unique family {Pxu,yv)xu\zyv of polynomials 
in ^<o such that 

Cyv := TyCy + PxU,yV^xCu 

u£U,xeXu 
xuizyv 

is stable under the ~ involution; see [?, p. 214], it contains a general setting to 
include the argument in [?, Proposition 3.3] or in [?, Theorem 5.2]. 
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Moreover, we have 



ueu,xeXn 
xuizyv 



Ty[Tv + Pv\,vTv-i) + ^ ^ Pxu,yv'Px y ^ Pui,uTui 

vi<v u£U,x£Xu Ui<u 

xuizyv 

'^y^ ~'~ ( Pvi,vTyTy^^ + Pxu,yvPui,uTxTu^. 

Vl<V U£U,X£XuUl<U 

xuizyv 



By condition 15, all the terms Pyj^^^TyTy-^ occurring in the first sum and all the 
terms p^^ y^Pu^^yTxTux occurring in the second sum are >l<o-linear combinations 
of with i{z) < e{yv). Thus 

Cyv = Tyy + an ^<o-linear combination of with £{z) < £{yv) 

and by definition and unicity of the Kazhdan-Lusztig basis, this implies that Cyy = 

Cyy. D 

Let Z// C [/ be as in Theorem I3.2[ By definition of ^ one can see that 
Mu ■■= {TyCy \veU, ye Xy)A C H 

is a left ideal. 
Corollary 3.9. 

Mu = {Cyv \v eU, ye Xy)j^. 
Proof. Let v €U and y G Xy, using the previous proposition, we see that 

Cyy = TyCy + ^ ^ PxU,yvPxCu- 

uGU,xGXu 
xufzyv 

Thus Cyy £ Mu- Now, a straightforward induction on the order relation C yields 

TyCy = Cyy + au ^^^-llucar combination of Cxu 
where u gU, x G X„ and xu IZ yv. 

This yields the desired assertion. □ 

We can now prove Theorem 13.21 
Let U he a subset of U such that 

V eU =^ V eU. 

Then Aiu = {TzCw \ w ^U, z' G X.uj)ji^ C is a left ideal. We want to show 
that the set 03 := {yv\v gU, y € Xy} is a left ideal of W. 

Let V €U, y € Xy and z G W he such that z <i yv. We may assume that there 
exists s G 5 such that Cz appears with a non-zero coefficient in the expression of 
TgCyy in the Kazhdan-Lusztig basis. By Corollary 13.91 we have Cyy G Mu- Since 
^Au is a left ideal we have TgCyy G M.u- Thus, using Corollary 13.91 once more, we 
have 

PsCyy — ^ ^ ^xu,yvCxu whcrC Ojxu,yv ^ ^ 
u£U,x&Xu 
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and this is the expression of TgCyv in the Kazhdan-Lusztig basis. The fact that 
Cz appears with a non-zero coefficient in that expression imphes that z = xu for 
some u & U and x £ Xu- Thus z € 55, as desired. □ 

4. Cells in certain parabolic subgroups 

The aim of this section is to prove Theorem 11.11 We will actually prove a 
stronger result. Let {W, S) be an arbitrary Coxeter system. For J C 5*, we denote 
by Xj the set of minimal left coset representatives with respect to the subgroup 
generated by J. Recall that TZ-^ = {w e W\ J Q TZ{w)}. Let M^' C be a 
standard parabolic subgroup with generating set S' . Furthermore, assume that 
{W, S') is bounded by iV G N. 

Theorem 4.1. Let t £ S - S' be such that L{t) > N. Then 

{w £W\w = yw\ y G 11^^^ n Xs'.w' G W'] 
is a left ideal of W . 

Remark 4.2. This theorem implies Theorem 11.11 Indeed, assume that, for all 
t G 5 - S" we have L{t) > N. Then 

\J {weW\w = yw', y G n Xs',w' £W'} = W -W' 
tGS-S' 

is a left ideal of W. Furthermore, since it is stable by taking the inverse, it's a 
two-sided ideal. Thus W — W' is a union of cells and so is W' . Let y^w € W' be 
such that y <l w in W . Then using Theorem 13.51 one can easily see that y <l w 
in W' . Similarly, if y <r w \n.W then y <r w in W' . The theorem follows. 

Until the end of this section, we fix t G 5" — S" such that L{t) > N. 
Let U = tW. For ueU let 

Xu = {n^'^ nxs')t. 

We want to apply Theorem [321 to the set U. One can directly check that conditions 
11-13 hold. In order to check conditions 14-15 we need some preliminary lemmas. 
We denote by H' the Hecke algebra associated to (W', S') and the weight function 
L (more precisely the restriction of L to S'). 

Lemma 4.3. Let w' eW . We have 

CtCyji = Ctw' and TtC^' = Ctw' — v'^^^^Cu)' 

Proof. We know that 

tz<z<w' 

tz<z<w' 



But z < w' implies that z G W , thus we cannot have tz < z. The result 
follows. □ 

Remark 4.4. Let s' G 5'. Since L{t) / L{s'), the order of s't has to be even or 
infinite (otherwise, s' and t would be conjugate and L{s') = L{t)). 
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Lemma 4.5. Let s' £ S' and w € W . Let m & N be such that m is less than or 
equal to the order of s't. We have 

m—l 

T(s't)'^C!w = 0'w',iT(s'tYs'Ctw' + 

w'eW i=0 

where a^j'^i G A and h'^ € Ti' , and 

m— 1 

w'ew 1=0 

where bw',i G A and h'^ G H' . Furthermore, h'^ = h'^. 

Proof. The first two equalities come from a straightforward induction. 

It is clear that ho = h'^ = C^. Even though it is not necessary, let us do the case 

m = 1 to show how the multiplication process works. We have 

Ts'Cyj = a^'Cyj' for some aw' & A. 

w'eW 

Thus we obtain (using the previous lemma) 

Tg'tCw' = Tg'Ctw' — v~^^^^ ^ aw'Cwi 



and 



Tts'Cyji = ^ a-ujiCtw' — v ^^^^ ^ aui'Cw'- 
w'eW w'eW 



It follows that 



h[ = ^ a^/C^/ = h'l. 

w'ew 

Now, by induction, one can see that 

h'^ = -v-'^^'^T,,h'^_^ G n' and = -i;-^(*)T,,C-i ^ H'. 
The result follows. □ 
Proposition 4.6. The submodule 

M := {T^Cu \ueU, xe Xu)a c H 

is a left ideal. 

Proof. Let z G W, u £ U and x G X„. We need to show that T^T^Cu G M.. 
Since T^Tg is an ^-linear combination of Ty [y G W), it is enough to show that 

TyCu e M for all y G H-^ and ueU. 

We proceed by induction on i{y). If i{y) = 0, then the result is clear. 
Assume that £{y) > 0. We may assume that y ^ X^. Let w' G W such that 
u = tw'. Recall that X„ = (7^^*> n X5/)t. 
Suppose that yt < y, then we have 

TyCtw' = TytTtCtw' = v^^^^TytCtw' G Al 
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by induction. 

Suppose that yt > y. Since yt e 7^^*^ and yt ^ 7e^*> n Xs', there exists s' G S" 
such that {yt)s' < yt. Let 2n be the order of ts' (it has to be finite in that case). 
One can see that there exists yo (with i{yo) < i{y)) such that yt = yQ{ts')'^. 
Using Lemma 143) and the relation Ct = Tt + v^^^^^T^ we see that 

Ctw' = CtC^' = TtC^i + w~'^'^*''Ctt,/. 

Since s' E S' and w' G W' we have 

rs'C^ = ^ Ct^i^Ct^,, for some a^i G A 

Thus we get 

TyCtw' = TytCyji + V ^^^'^TyC^i 

By induction we see that 
Lemma [451 implies that 

is an >4.-linear combination of terms of the form T(^s't)"^s'Ctw' and T(igi-^mCtw' , for 
some tw' G C/ and m < n — 2 (it is if n = 1). Thus it follows by induction that 

'^yo ^ {T(s't)"~i-Cwi — T(tgi)ri-iCw^ G M 

as required. □ 

Proposition 4.7. For all u & U, ui < u and y G we have 

Pui,uTyTu^ is an A<io-linear combination ofT^. 

Proof. Let u = tw' G U, ui < u and y G Xu- One can see that we have either 
Ul G W (then ui < w') or there exists w G W such that ui = tw and u) < fw'. 
Assume that ui G VF'. Then tui > ui and we have (using ([?, Theorem 6.6]) 

Pm,u = Pu„tw' = v~^^'^Ptu^,tw' e v-^^'^A<o. 

Furthermore, the degree of the polynomials occurring in the decomposition of 
TyTui in the standard basis is at most A^. Indeed, let y' G Xs' and v G W be 
such that y = y'v. Then we have 



y^ui — J-y'-'-vJ-ux 



^ ^ fv,ui,u''Py'u' 
u'eW 
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and since W' is bounded by A^, the degree of fv,ui,u' is less than or equal to A^. 
Thus, since L{t) > N, we get the result in that case. 

Assume that ui = tw (w W'). Then, since y £ {TZ^^^ n Xs')t, we see that 
£{yui) = i{y) + i{ui) and TyTu^ = Tyu^. The result follows. □ 

We are now ready to prove Theorem 14. 1[ Conditions 14 and 15 follow respec- 
tively from Proposition 14.61 and I4.7[ Applying Theorem 13.21 yields that 

{xu\ ueU,x e Xu} = {w eW\ w = yw', y G TZ^^^ nXs',w' G W'} 

is a left ideal of W. 

Example 4.8. Let W be of type G2 with presentation as follows 

W := {SI,S2, S3 I isiS2f = 1, is2S3f = 1, (siS^f = 1) 

and let L be a weight function on W. The longest element of the subgroup W' 

generated by S2, S3 is wq = S2S3S2 and L{wo) = 3L(s2). One can easily check that 
3L(s2) is a bound for W\ thus if L{si) > 3L{s2) we can apply Theorem ll.li We 
obtain that the following sets (which are the cells of W): 

{e} U {s2, S3S2} U {S3, S2S3} U {wq} (left cells) 
{e} U {s2, S3, S3S2, S2S3} U {wq} (two-sided cells). 

are left cells (resp. two-sided cells) of W. 



5. Miscellaneous 

In this section {W, S) denotes an arbitrary Coxeter system and L a positive 
weight function on W. We give a number of lemmas which will be needed later 
on. 

Lemma 5.1. Let S' S be such that 

(1) for all s[,S2 G S' , we have L{s[) = L{s2), 

(2) for allt£S-S' and s' G S' we have L{t) > L{s'). 

Let y,w and s' G S' he such that s'y < y < w < s'w. Then if M^'^, 7^ 0, we 
have either C{w) C C{y) or there exists s & S' such that w = sy, in which case 
= 1 

Proof. We proceed by induction on i(w) —£{y). Assume first that £(w) — (-{y) = 1- 
Since s'y < y and s'w > w one can see that there exist s G 5 such that s ^ s' and 
w = sy. In that case we have 



y,w 



0, if L(s) > L(s'), 

1, if L(s) = L(s'). 



Thus if M^'^ 7^ we must have s G S". 

Assume that £{w) — £{y) > 1 and that C{w) ^ J~-{y)- Let s G 5 be such that 
s G C{w) and s ^ ^(y)- We have 

z;y<z<w,s'z<z 
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Thus in order to show that M*,^, = it is enough to show that 

z;y<z<'W,s'z<z 

Let z ^ W be such that M*',^ / 0. By induction we have either M|„, = 1 or 
£.{w) C C{z). In the first case we have Py^zMz,w ^ A<o. Assume that we are in 
the second case (then s G C,{z)). By ([?, proof of Theorem 6.6]) we know that 

Furthermore the degree in v of M|'^ is at most L{s') — 1 ([?, Proposition 6.4]). 
Since s' G S' we have L{s) > L{s') and 

Similarly Vg'Py^w ^ •^<0 (since £{w) — i{y) > 1). Thus if C{w) ^ ^{y) we must 
have My^ = 0, as required. 

□ 

Lemma 5.2. Let ^ C W be a left ideal ofW. Let s e S and 03'^ (resp. ^s) be 
the subset of ^ which consists of all w E ^ such that ws > w (resp. ws < w). 
Assume that there exists a left ideal ^ofW such that, for all w' G ^B^ we have 

Cw'Cs = Cyjig + y ^ ACz- 
Then 21 U U ts a left ideal of W. 

Proof Let w G 21 U 53s U ^S'^s. Let y eW he such that y <l w. We need to show 

that y G 2lU Q3s U %s. 

If f/; G 21 then y G 21, since 21 is a left ideal. 

li w E then y G 03. Note that since 

y <LW^ n{w) C 7^(y), 

we have .s G lZ{y) and y G %s- This shows that *Bs is a left ideal. 
Finally, assume that w G *B'j,s and let w' = ws & QS^. We may assume that there 
exists t E S such that Cy appears with a non-zero coefHcient in the expression of 
CtCw in the Kazhdan-Lusztig basis. We have 

= Ct {CyjiCs + ^ ACz) 

z&i 

= {Y.ACz)Cs^Y.^^- 

= ^ ACz-rY^AC, 

Thus we see that y G 21 U Q5s U QS'^s as desired. □ 

Lemma 5.3. Let T be a union of left cells which is stable by taking the inverse. 
Let T = U Tj (1 <i < N) be the decomposition of T into left cells. Assume that 
for all i,j G {1, ■■■,N} we have 

(*) Tr^nTj^$ 



GENERALIZED INDUCTION OF KAZHDAN-LUSZTIG CELLS 15 

Then T is included in a two-sided cell. 

Proof. Let y,w € T and i,j G {1, ■■■,N} be such that y € Ti and w G Tj 
(*), there exist yi,y2 £ Ti such that yf ^ G Tj and y^^ G T,-. We have 

y ~L yi ~L y2 y ~l yf^ ~i? 2/2^^ ~l 

as required. 

6. Decomposition of G2 in the asymptotic case 

Let W be an afhne Weyl group of type G2 with diagram and weight function 
given by 

abb 

C^^D O 

Sl S2 S3 

where a, b are positive integers. 

The aim of this section is to find the decomposition of W into left cells and 
two-sided cells for any weight function L such that a/b > 4. Furthermore we will 
determine the partial left (resp. two-sided) order on the left (resp. two-sided) cells 
(see Section [6^ . We fix such a weight function L. Throughout this section, we 
keep this setting. 

In Figure 2, we present a partition of W using the geometric realization as 
described in Section 12.21 where the pieces are formed by the alcoves lying in the 
same connected component after removing the thick lines. We have 

Theorem 6.1. The partition of W described in Figure 2 coincides with the par- 
tition of W into left cells. 

Using the same methods as in [?, Section 6], one can show that each of the 
pieces is included in a left cell (with respect to L). Thus in order to prove that 
each of the pieces is a left cell it is enough to show that each of them is included 
in a union of left cells. 

We now consider the union of all subsets of W whose name contains a fixed 
capital letter; we denote this union by that capital letter. For instance 

A = {UA,) U(.U/^)- 

We have 

Theorem 6.2. The decomposition of W into two-sided cells is as follows 

W = AUBUCUDUEUFU {e}. 

The proof of these theorems will be given in the next sections. For a start, we 
already know that (see [?, §4]) 

• A is a two sided cell; 

• Ai and A'- are left cells for all 1 < i < 6; 

• Ai and A'- are left ideals for all 1 < i < 6. 

Remark 6.3. In this section we need to compute some Kazhdan-Lusztig polyno- 
mials Px^y [x, y G W) for a whole class of weight functions. Methods for dealing 
with this problem are presented in [?, Proposition 3.2 and §6]. In particular, this 
involved some computations with GAP ([?]). 



Using 



□ 
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We now recall some notation. For any subset J C {51,52,53}, let 

(1) TZ-^ := {w (^W \ J (Z n{w)]] 

(2) Wj be the subgroup of W generated by J; 

(3) Xj := {w G W\ w has minimal length in wWj}. 



We refer to [?] for details in the computations. 




6.1. The sets Cj. In this section we want to prove that Q (for all 1 < i < 6) is 
a left cell and that C = UCj is a two-sided cell. 
For 1 < ? < 6, let 

(1) Ui E Ci he the element of minimal length in Cf, 

(2) Vi € Ai be the element of minimal length in Ai; 

(3) v'^ G A'j^ be the element of minimal length in A'^^. 
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For instance, we have 

Ul = •Sl'S2SlS2Si; 

Vl = S1S2S1S2S1S2; 

v'l = S2S1S2S1S2S3S1S2S1S2S1. 

We set U := {ui,Vi,v'- [ 1 < i < 6}, X^^ = X^i = X^g^ g^y and 

Xu, = {zeW\ zui G Ci} 

for all 1 < i < 6. We want to apply Corollary 13.31 One can check that conditions 
11-13 of Theorem 13.21 hold. We now have a look at condition 14. 

Lemma 6.4. The submodule 

M := {nCu \ueU,xe Xu)a Q n 

is a left ideal. 

Proof. In [?, Lemma 5.2], it has been shown that 

{T^Cy^ I X G X{si,s2}).A and {T^C^> \ x G X{g^^g^y)_A 

are left ideals of 7Y, for all 1 < i < 6. Thus, in order to show that A4 is a left ideal 
of 7Y, it is enough to prove that TxC^ G for all 1 < z < 6 and all x G VF. We 
proceed by induction on i{x). If £{x) = it's clear. Assume that i{x) > 0. We 
may assume that x ^ X^- Then, one can see that we have either x = X0S2 (and 
£{x) = i{xo) + 1) or X = X1S2S1S2S1S2S3 (and £{x) = i{xi) + 6). Now, doing some 
explicit computations, one can show that Tg^Cu^ is an ^-linear combination of Cu 
with u € U. For example, we have 

T C — C — tr^^^'^^r' 

and 

Similarly, one can show that Ts2SiS2S\S2szCui is an ^-linear combination of terms 
of the form TzCu where u ^ U , z ^ X^ and £{z) < ^(s2SiS2SiS2S3). For example 
we have 

Tg2SlS2SlS2S3Cui — C^'^ + ^Tg-^g2SiS2S3Cui ~l" ^^S2SlS2S3^Ml ~^ -^^5152^3 C'ttl 

Thus by induction, we obtain that TxC^ G as required. □ 

We now have a look at condition 15. Let u & U, u' < u and y G X„. We need 
to show that 

Pu' ,uTyTu' is an ^<o-linear combination of T^. 

For u = Vi OY u = v[, it has been proved in [?, Lemma 5.1]. In order to prove it 
for u = Ui we proceed as follows. We determine an upper bound for the degree of 
the polynomials occurring in the expression of TyTu' (where y € Ci, u' < Ui) in 
the standard basis using either [?, Theorem 2.1] or explicit computations. Then 
we compute the polynomials Pu',u (see Remark I6.3P and we can check that the 
condition is satisfied for all weight functions such that L{si) > 4L(s2). 



18 



JEREMIE GUILHOT 



We can now apply Corollary I3.3[ We need to find the equivalence classes on U 
with respect to ^. Using the fact that {T^Cy. \ x G X^g^ g^y)j[ and {T^C^i, \ x G 
■^{si,s2})a are left ideals of for all 1 < i < 6 and the relations computed in the 
previous proof, one can check that 

{{u,]{v,},{v[] I l<i<6} 

is the decomposition of U into equivalence classes. Hence by Corollary 13.31 the set 
Xu^Ui = Cj is a union of left cells for all 1 < z < 6. Since Ci is included in a left 
cell, we obtain that each of the Cj's is a left cell. 

More precisely, if L is a weight function such that a/b > 4, the following sets are 
left ideals of W 

CiUAiUA[ fori = 1,2, 3, 6 
C4U A4U A'4^LI A2, 
C5UA5U A'^ U Ai . 
Proposition 6.5. The set C is a two-sided cell. 

Proof. Applying Theorem 13.21 to the set U yields that ^ U C is a left ideal of W . 
One can check that Au C is stable by taking the inverse, thus it is a two-sided 
ideal and ^ U C is a union of two-sided cells. Since A is a two sided cell (see [?] 
and the references there), we see that C is a union of two-sided cells. Now one 
can check that C = UCi satisfy the requirement of Lemma 15.31 thus C is included 
in a two-sided cell. It follows that C is a two-sided cell. □ 

6.2. The sets Bi. We want to prove that Bi (for all 1 < i < 6) is a left cell. To 
this end, since Bi is included in a left cell, it is enough to show that B^ is a union 
of left cells. We also show that i3 is a two-sided cell. 

Claim 6.6. The set Bi is a left cell. 

Proof. Set u = S1S3S2S1 and 

= {z eW \ ZS1S3S2S1 G Bi}. 

Recall that 

Ul = S1S2S1S2S1, 
Vi = S1S2S1S2S1S2, 
v'l = S1S2S1S2S1S2S3S2S1S2S1, 
U2 = S1S2S1S2S1S3S2S1, 
V2 = S2S1S2S1S2S1S3S2S1, 
v'2 = S2S1S2S1S2S3S1S2S1S2S1S3S2S1 
= S2S1S2S1S2S1S3, 

and 

Xu, = {zeW \ zui G CJ, 

X^^ = X„/ = X{g^^s^} for 1 < z < 6. 
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Using similar arguments as in Lemma 16.41 and the results in Section 16.11 one can 
check that we can apply Theorem 13.21 to U := {u,ui,vi,v[,U2,V2,v'2,V3}. We 
obtain that 

{xu \ u eu,x e x„} = A2U A2 u C2 u 5i u ^1 u A[ u Ci u A3 

is a left ideal. Since Ai, A[ and are left cells for all 1 < i < 6 it follows that 
Bi is a left cell. □ 

Claim 6.7. B2 is a left cell. 

Proof. The set TZ^^^''^^^ is a left ideal of W (see Example [2^ . Since we have 

7^{si,s3} = ^2 U ^3 U A's UA2UC3 

one can see that B2 is a left cell. □ 

Claim 6.8. The set ^3 is a left cell. 

Proof. Let v = S1S3S2S1S2S3 and 

X, := {z G W\zv G B-,} := {y G X,\£iys2SiS2) = i{y) - 3}. 

We want to apply Theorem 13.21 to the set U = {u, ^4, f4, ^4, ^3, f2, t's} and the 
corresponding X„. Arguing as in Section [HTTl one can show that conditions 11-14 
hold. However, condition 15 does not hold if (and only if) v' = S1S2S1S2S3 < v 
and y G Y^. Indeed, let y € Y^ and yo = ys2SiS2, then we have P^'^y = 
and 

T T T I — T (T -I- ('7;-^'^'^2) _ ,,--f'(s2)A7^ ^ 

^yo^S2SiS2^v' — ^yo\^siS2SiS2SiSs ^ 'J J-^ S1S2S1S2S1S2S3 ) 

— '^yoSiS2SlS2SlS3 V ^ J^y0SlS2SiS2SlS2S3 

However, we can certainly construct the elements Cxu (see the proof of Proposition 
13.811 such that 



Cxu = Cxu for all n G [/ and x G Xu. 
Using Section IHTT] and doing some computations, one can check that 

(1) Cxu = Cxu for all u G [/ — {v} and x G X^- 

(2) Cyu = Cyu if y G Xjj — Yfj. 

Let y £ Yy and yo = ys2SiS2. We have 

Cyv = TyCv + Pxu,yv^xCu 

ueu,xeXu 
xufzyv 

= TyCy + ^ Pxy^yyTxCu + ^ Pxy_yyTxCu 

x<y,x^Xv u^U,x£Xu 

u^v 

= TyCy + Yj P*xv,yv'^xCv mod H<0 

x<y,x£Xv 

= TyCv mod 7-^<o 

= TyTy + Ty{Py' ^^Ty>) mod?^<o 

— '^y'^v ~\~ TyQTg-^g2S\S2S\S2S3 mod 7^<o 

= Tyy + 7j/o«iS2SiS2SiS2^*3 mod 7^<o 

where 'H<o = ©«;eVF^<o^«;- Thus since Cyy is stable under the involution ~, it 
follows that 

Cyv — Cyu + CyQSlS2SlS2SlS2S3- 
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Furthermore, since yoSiS2SiS2SiS2S3 G A3 we obtain that 

{Tri;Cu\u eU,x £ Xu)a = {Cxu\u G f/, X G Xu)a 
is a left ideal of 7i. We get that 

B3UC4U A4U A'^U A3U A2U A5 
is a left ideal of W. It follows that B3 is a left cell. □ 
Claim 6.9. The set i?4 is a left cell. 
Proof. The set 7^^''2.S3} 

is a left ideal of W. Furthermore, we have 
jl{s2M ^ U U U A5, 

it follows that B^ is a left cell. □ 

Remark 6.10. We have seen in Example 14 . 81 that ^ — ^{52,53} ^ ^^^^ ideal. Thus 

7^{^2,S3} n _ H^^^^^^^j) = ^4 u ^4 u ^5 

is a left ideal of W. 

Claim 6.11. is a left cell. 

Proof. Let w G TZ^^^''^^^ and let it;' = wsis^. We have Ti;s2 > w and 

zGW,zs2<z 

Applying Lemma 15.11 (in its right version), if Mz% 7^ then we have either 
{si, S2, S3} ^ TZ{z) which is impossible or there exists w" G W such that 

w = w" S2S3 and z = w"s2- 

Since U) = w" S2S3, = w'sis^ we must have w G vis, which, in turn, implies that 
z £ Ai (recall that Ai is a left ideal) . Thus applying Lemma 15.21 to 21 = and 
*B = 7^{"l'"3> yields that 

T^i^i.^slg^ U Ai = ^1 U ^5 U UAGUC5UB5 

is a left ideal of T^. In particular B^ is a left cell. □ 

Claim 6.12. The set Bq is a left cell. 

Proof. Applying Lemma 15.21 (in a similar way as in I6.1ip to 

«B = ^2 u ^2 u C2 U U ^1 U ^'1 U Ci U ^3 

and 21 = ^1 we obtain that 

Ai U A[ U Ci U ^6 U ^6 U Cq U U ^6 

is a left ideal. Thus Bq is a left cell. In fact, since the elements of Ci and A[ do 
not contain si in their right descent set, we see that 

Aiu Aqu AqUCqU A5U Bq 

is a left ideal of 1^. □ 
Proposition 6.13. The set B = UBi is a two-sided cell. 

Proof. By the previous proofs, we see that Au C U B is left ideal of W. Arguing 
as in the proof of Proposition 16.51 we obtain that i? is a two-sided cell. □ 
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6.3. Finite cells. We already know that Ei, E2, F and {e} are left cells and that 
EiL)E2, F and {e} are two-sided cells (see Example 14.81) . Thus we see that 

W - AuBuCUEUFU{e} = D = D1UD2UD3 

is a union of left and two-sided cells. For 1 < z < 3 we have D D TZ^^^^ = Di thus 
Di is a union of left cells. Since Di is included in a left cell it follows that Di is a 
left cell. Using Lemma [Ql one can easily check that 

I^i U U D^ 

is a two-sided cell. 

6.4. Left and two-sided order. 

Theorem 6.14. The partial order induced by <l on the left cells can be described 
by the following Hasse diagram 




Proof. Most of the relations can be deduced using the fact that for s G 5 and 
w G W, if sw > w then sw <l w. For instance, for all 1 < i < 6 we have 
Ai <L Ci and A'i <l Q. 

Some of the relations require some explicit computations, we refer to [?] for details. 
The fact that there is no other links comes from the last two sections, where we 
have determined many left ideals of W. Recall that in [?], it is shown that Ai and 
A'- are left ideals of W. 

□ 

Theorem 6.15. Let T = D orT = F = {S2S3S2}. Then the partial order induced 
by ^LR on the two-sided cells is as follows 

A<C<B<T<E<{e} 

and D and F are not comparable. 



Proof. This is easily checked. 



□ 
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Using the explicit decomposition of G2 in our case, we can check some of 
Lusztig's conjectures (see [?, Chap. 14]). For instance 

P14. For any z € W , we have z ^lr 

is certainly true. The following statement can be easily deduced from P4 and P9 

X <Ly and X r^iR V =^ x ~l y. 

This can be easily checked from the partial left order on the left cells. Indeed, 
there is no relations between two left cells lying in the same two-sided cell. 
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